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Outline

o Today: recap the AGM and its generalization.

@ Thursday: Database Constraints
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Recap: AGM Bound Entro ctors ed Upper Bound Computing the Upper Bound Modular Functions

Fractional Edge Cover / Vertex Packing

Hypergraph G = (V, E)

Fractional Edge Cover w Fractional Vertex Packing v
Minimize )", we, where: Maximize ), vy, where:
VxeV: Z we >1 Ve € E : Z vy <1
ecE:xce xeV:xece
we >0 vy >0

Weak duality: >, we
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Fractional Edge Cover / Vertex Packing

Hypergraph G = (V, E)

Fractional Edge Cover w Fractional Vertex Packing v
Minimize )", we, where: Maximize ), vy, where:
VxeV: Z we >1 Ve € E : Z vy <1
ecE:xce xeV:xece
we >0 vy >0

Weak duallty Ze We 2 Ze We(ZXEe VX) = ZX VX(Ze:er WE) 2 Zx Vx
Strong duality: miny >, we = max, Y, Vi def o

Fractional edge covering number
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The AGM Bound

[Atserias et al., 2013]

Q(x) = A, Ri(x)) Full CQ with m relations, n variables

Assume |R;| = N for all ;.
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The AGM Bound

ed Upper Bound Computing the Upper Bound Modular Functions

[Atserias et al., 2013]
Q(x) = /\j R;(x;) Full CQ with m relations, n variables
Assume |R;| = N for all ;.

Upper bound: |Q| < N

Proof: we used entropic inequalities. Elementary proof in [Suciu, 2023]
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Recap: AGM Bound Entr

odular Functions
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ed Upper Bound M

The AGM Bound
[Atserias et al., 2013]

Q(x) = A, Ri(x)) Full CQ with m relations, n variables

Assume |R;| = N for all ;.

Upper bound: |Q| < N7
Proof: we used entropic inequalities. Elementary proof in [Suciu, 2023]

Lower bound: |Q| > 2 N?" on product database R; o HX,-GVars(Rj)[NVi*]’

where v* = optimal vertex packing.
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Recap: AGM Bound
000@000

Examples

Ls: A1(X1, X2) A A2(X2, X3) A A3(X3, X4) A A4(X4, X5)
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Recap: AGM Bound
000@000

Examples

Ls: | A1(x1,x2) A A2(x2, x3) A As(x3,x4) A As(xa, x5)
w* = (1,1,0,1), v* = (1,0,1,0,1).

AGM = N3, Ay,...,As=[N]x[1], [1x[N], [N]x[1],

[1] < [M]
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Recap: AGM Bound
000@000

Examples

Ls: A1(X1, X2) A A2(X2,X3) A A3(X3, X4) A A4(X4,X5)
w* = (].7 1,0, 1), v = (1,0, 1,0, 1).
AGM = N°, Aq,... Aa=[Nx[1], [x[N, [Mx[] [1]x[N

Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)
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Recap: AGM Bound Entr
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Upper Bound Co

uting the Upper Bound Modular Functions

Examples

Ls: [ Ai(x1, x2) A Ax(x2,x3) A As(x3, Xa) A As(xa, X5)
w* = (1,1,0,1), v* = (1,0,1,0,1).

AGM = N3, Ar.o A= [N x [1, [x[N, [Mx[ []x ][N
Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)

w* =(1/2,...,1/2), v¥ =(1/2,...,1/2).
AGM = N°/2; Ajp = Apg = -+ = [/\/1/2] % [/\/1/2]
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Upper Bound Co

uting the Upper Bound Modular Functions

Examples

Ls: A1(X1, X2) A A2(X2,X3) A A3(X3, X4) A A4(X4,X5)
w* = (1, 1,0, 1), v = (1,0, 1,0, 1).
AGM = N°, Aq,... Aa=[Nx[1], [x[N, [Mx[] [1]x[N

Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)
w' = (1/2,...,1/2), v = (1/2,....1)2).
AGM = N°/2; Ajp = Apg = -+ = [/\/1/2] % [/\/1/2]

Ks: /\1§i<j§5 Aij(xi, ;)
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Recap: AGM Bound

ectors Gene Upper Bound Computing the Upper Bound Modular Functions
0000000 00C 00C 9 000000 00

Examples

Ls: A1(X1, X2) A A2(X2,X3) A A3(X3, X4) A A4(X4,X5)
w* = (1, 1,0, 1), v = (1,0, 1,0, 1).
AGM = N°, Aq,... Aa=[Nx[1], [x[N, [Mx[] [1]x[N

Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)
w' = (1/2,...,1/2), v = (1/2,....1)2).
AGM = N°/2; Ajp = Apg = -+ = [/\/1/2] % [/\/1/2]

Ks: /\1§i<j§5 Aii(xi, x7)

w* = (1/4,...,1/4), v =(1/2,1/2,1/2,1/2,1/2)
AGM = N°/2; Ajp = Agz = - - = [N/?] x [N1/?]
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Recap: AGM Bound Entr

Upper Bound Computing the Upper Bound Modular Functions
0008000 o 000000 00

Examples

Ls: A1(X1, X2) A A2(X2,X3) A A3(X3, X4) A A4(X4,X5)
w* = (]., 1,0, 1), v = (1,0, 1,0, 1).
AGM = N°, Aq,... Aa=[Nx[1], [x[N, [Mx[] [1]x[N

Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)
w' = (1/2,...,1/2), v = (1/2,....1)2).
AGM = N°/2; Ajp = Apg = -+ = [/\/1/2] % [/\/1/2]

Ks: /\1§i<j§5 Aii(xi, x7)

w* = (1/4,...,1/4), v =(1/2,1/2,1/2,1/2,1/2)
AGM = N°/2; Ajp = Agz = - - = [N/?] x [N1/?]

Loomis-Whitney:

A1(x2, X3, X4, X5) N\ Ax(X1, X3, Xa, x5) A -+ - A As(x1, X2, X3, Xa)
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Upper Bound Computing the Upper Bound Modular Functions
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Examples

Ls: A1(X1, X2) A A2(X2,X3) A A3(X3, X4) A A4(X4,X5)
w* = (]., 1,0, 1), v = (1,0, 1,0, 1).
AGM = N°, Aq,... Aa=[Nx[1], [x[N, [Mx[] [1]x[N

Cs: ‘ A1a(x1, x2) A Asz(x2, x3) A A3a(x3,xa) A Ass(xa, x5) A As1(xs, x1)
w' = (1/2,...,1/2), v = (1/2,....1)2).
AGM = N°/2; Ajp = Apg = -+ = [/\/1/2] % [/\/1/2]

Ks: /\1§i<j§5 Aii(xi, x7)

w* = (1/4,...,1/4), v =(1/2,1/2,1/2,1/2,1/2)
AGM = N°/2; Ajp = Agz = - - = [N/?] x [N1/?]

Loomis-Whitney:
A1(x2, X3, X4, X5) N\ Ax(X1, X3, Xa, x5) A -+ - A As(x1, X2, X3, Xa)
AGM = N°/* Ay = Ay = -« = [NV/4] x [NY*4] x [NY/*4] x [NY/4]
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[e]e]e]e] lele)

Arbitrary Cardinalities

e Each relation has a different cardinality |R],|S], ...

@ AGM is no longer N”", but some function of |R],|S|,...

o Need to consider multiple fractional vertex cover: AGM is a min(- - - ).

@ In practice: the AGM is given by a linear optimization problem, which
generalizes the fractional edge cover/vertex packing.
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Recap: AGM Bound Ent Vectors Gei Modular Functions

[e]e]e]e]e] o)

Arbitrary Cardinalities: the Primal/Dual LPs

Q(x) = A\; Ri(x)) Full CQ with m relations, n variables
Upper bound: Lower bound:
Minimize 3, w; log |R;| where: Maximize ) ; v; where:
Vi=ln: > w>l| |[Yi=lm: ) v<loglR|
J:xi€Vars(R;) iz:xi€Vars(R;)
wj >0 vi >0
Forall w: [Q[ < TT; [Ri[*. Forall v, 3DB s.t. |Q| > £2%iY.

Weak duality: > wjlog [Rj| > >, v;.
Strong duality: miny - wjlog |R;| = maxy >, v; def log (AGM)
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Recap: AGM Bound  Entropic eralized Upper Bound > the Upper Bound Modular Func

[e]e]e]ele]e]

Discussion

o AGM bound is “tight”: factor m, often much better.

@ Uses only cardinalities: extension only to simple FDs.

@ No need for entropies yet.

@ AGM bound is computable in PTIME in the size of Q.
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Entropic Vectors
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Entropic Vectors
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Entropic Vectors
0®00000

Motivation

@ Extend the AGM bound to more statistics.

@ Use in reasoning about constraints (next lecture).
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AGM Bound Entropic Vectors € Upper Bound Computing the Upper Bound Modular Functions

Entropy, Entropic Vector

Entropy of a finite random variable: | h(X) % > pilog pj

Entropic vector defined by n random variables: (h(Xs))sc(q € R%r"

Derived quantities:

Conditional Entropy: h(VIU) & h(uv) — h(U)
Chain rule: h(U) + h(V|V) = h(UV)

Conditional Mutual Information:

Ih(V: WIU) < h(UV) + h(UW) — h((UVW) — h(U)
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AGM Bound Entropic Vectors  Generalized Upper Bound Computing the Upper Bound Modular Functions

[e]e]e] le]e]e)

Example: The Parity Function

h(VIU) & huv) - h(U) In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

XYZ h=2222

T
X[Ylz] p
0001/ XY XZ YZ
01]1]1/4 >
1]0]1|1/4 X Y Z
1/1/0|1/4 T
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[e]e]e] le]e]e)

Example: The Parity Function

h(VIU) & huv) - h(U) In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)
XYZ h=2
e =
XTY[Z] p
0001/ XY XZ YZ
0[1]1]1/4 >
1]0]1|1/4 X Y Z
1/1/0|1/4 T
@h=0
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AGM Bound Entropic Vectors
0008000

Generalized Upper Bound Computing the Upper Bound Modular Functions

Example: The Parity Function

h(VIU) & huv) - h(U)

I(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

X[YT[Z]| p
0[0]0|1/4
01 |1]1/4
1/0/[1]1/4
1/1]0/1/4

XYZ h=2
— T
XY XZ YZ

X h=2227? Z
—_—
@h=0
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[e]e]e] le]e]e)

Example: The Parity Function

h(VIU) & huv) - h(U) In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)
XYZ h=2
e =
XTY[Z] p
0001/ XY XZ YZ
0[1]1]1/4 >
1(0|1]1/4 X h=1 Y Z
1/1/0|1/4 T
@h=0
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AGM Bound Entropic Vectors  Generalized Upper Bound Computing the Upper Bound Modular Functions
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Example: The Parity Function

h(V|U) € n(uv) - n(U) 1(V; WIU) & h(UV) + h((UW) — h((UVW) — h(U)
XYZ h=2

X[YTZ] p T

0[0]0]1/4 XYh=2222 XZ YZ

0/1]1]|1/4 |><><]

1/0/|1]1/4 e

1]1]0|1/4 X\YI/Z
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AGM Bound Entropic Vectors  Generalized Upper Bound Computing the Upper Bound Modular Functions
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Example: The Parity Function

h(VIU) & h(uv) — h(U) In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)
XYZ h=2

X[YTZ] p T

0[0]0]1/4 XYh=2 X7 YZ

0/1]1]|1/4 |><><]

1/0/|1]1/4 -

1]1]0|1/4 X\YI/Z
@nh=0
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AGM Bound Entropic Vectors  Generalized Upper Bound Computing the Upper Bound Modular Functions
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Example: The Parity Function

h(V|U) € n(uv) - n(U) 1(V; WIU) & h(UV) + h((UW) — h((UVW) — h(U)

XYZ h=2
X[YT[Z] p T
0[{0]0|1/4 XYh=2 XZ nh=2 Y7Zh=2
0]1]1]1/4 ><><
1/0|1]1/4 het

= h=1 h=1

1(1]0]1/4 X\YI/Z

@nh=0
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AGM Bound Entropic Vectors
0008000

Computing the Upper Bound Modular Functions

Example: The Parity Function

h(VIU) & h(uv) — h(U)

In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

XYZ h=2
XTYZ] p
0] 0[0|1/4
01/]1]1/4
1/0/1]|1/4
1/1/0]1/4
h(Y|Z) =
Fall 2023

13/32



AGM Bound Entropic Vectors
0008000

Computing the Upper Bound Modular Functions

Example: The Parity Function

h(VIU) & h(uv) — h(U)

In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

XYZ h=2
XTYZ] p
0] 0[0|1/4
01/]1]1/4
1/0/1]|1/4
1/1/0]1/4
h(Y|Z) =1
Fall 2023

13/32
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Example: The Parity Function

h(V|U) € n(uv) - n(U) 1(V; WIU) & h(UV) + h((UW) — h((UVW) — h(U)

XYZ h=2
X[YT[Z] p |
0|0|0|1/4 XYh=2 X7Z =2 Y 7Zh=2
0[1|1/1/4 > ]
1/0/|1][1/4 het

= h=1 h=1

1]1]0/1/4 X\YI/Z

@nh=0
h(Y|Z)=1 h(Y|XZ) =

Dan Suciu Topics in DB Theory: Unit 5 Fall 2023 13/32



AGM Bound Entropic Vectors Computing the Upper Bound Modular Functions
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Example: The Parity Function

h(V|U) € n(uv) - n(U) 1(V; WIU) & h(UV) + h((UW) — h((UVW) — h(U)

XYZ h=2
X[YTZ] p |
0|0|0|1/4 XYh=2 X7Z =2 Y 7Zh=2
0[1|1/1/4 > ]
1/0|1]1/4 het

= h=1 h=1

1]1]0/1/4 X\YI/Z

@nh=0
h(Y|Z)=1 h(Y|XZ) = 0 Always decreases
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AGM Bound Entropic Vectors
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e Upper Bound  Computing the Upper Bound ~ Modular Functions

Example: The Parity Function

h(VIU) & h(uv) — h(U)

In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

XYZ h=2
XTYZ] p T
0[{0]0|1/4 XYhz2 XZ nh=2 Y7Zh=2
01 |1]|1/4
1/0/|1]1/4
1/1]0/1/4
h(Y|Z)=1 h(Y|XZ) = 0 Always decreases
In(X: Y[0) =
Dan Suciu Topics in DB Theory: Unit 5 Fall 2023
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AGM Bound Entropic Vectors
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e Upper Bound  Computing the Upper Bound ~ Modular Functions

Example: The Parity Function

h(VIU) & h(uv) — h(U)

In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)

XYZ h=2
XTYZ] p T
0[{0]0|1/4 XYhz2 XZ nh=2 Y7Zh=2
01 |1]|1/4
1/0/|1]1/4
1/1]0/1/4
h(Y|Z)=1 h(Y|XZ) = 0 Always decreases
(X Y[0) =0
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AGM Bound Entropic Vectors C Upper Bound Computing the Upper Bound Modular Functions

Example: The Parity Function

h(VIU) & h(uv) — h(U) In(V; W|U) & h(UV) + h(UW) — h(UVW) — h(U)
XYZ p=2
X[YTZ] p
0/0]0]|1/4
0/1]1]1/4
1]0/[1|1/4
1]1]0|1/4
h(Y|Z)=1 h(Y|XZ) = 0 Always decreases
Ih(X; Y|0) =0 Ih(X;Y|Z) =
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AGM Bound Entropic Vectors C Upper Bound Computing the Upper Bound Modular Functions

Example: The Parity Function

h(V|U) € n(uv) - n(U) 1(V; WIU) & h(UV) + h((UW) — h((UVW) — h(U)
XYZ h=2
XTYTZ]| p
0(0]0]1/4
0[1|1/|1/4
10|11/
1|1|0]1/4
h(Y|Z)=1 h(Y|XZ) = 0 Always decreases
In(X;Y[0)=0 In(X; Y|Z) = 1 May increase or decrease
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AGM Bound Entropic Vectors Computing the Upper Bound Modular Functions

[e]e]e]e] Jele)

Properties of Entropic Vectors

Prove these in the Homework, using the definition ) p;log p;
@ 0 < h(X)<logN

Monotonicity: h(U) < h(UV)

Submodularity: h(U) + h(V)) > h(U U V) + h(UN V),

e Conditional: h(V|U) = Ey[h(V|U = u)]

Conditional Independence: V L W|U iff I,(V; W|U) = 0.

Once these are establish, we no longer need the definition > p; log p;.

Dan Suciu Topics in DB Theory: Unit 5 Fall 2023 14 /32



Entropic Vectors
0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

L oo L L|X
X< X< x|<
33 3 3 3N
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Entropic Vectors
0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)

L oo L L|X
X< X< x|<
33 3 3 3N
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GM Bound Entropic Vectors Generalized Upper Bound Cc ting the Upper Bound Modular Functions

0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

L oo L L|X
X< X< x|<
33 3 3 3N

Dan Suciu Topics in DB Theory: Unit 5 Fall 2023 15/32



AGM Bound Entropic Vectors  Generalized Upper Bound Computing the Upper Bound Modular Functions

0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

o h(XY)+ h(Z) > h(XYZ)

L oo L L|X
X< X< x|<
33 3 3 3N
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AGM Bound Entropic Vectors Generalized Upper Bound Computing the Upper Bound Modular Functions

0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

o h(XY)+ h(Z) > h(XYZ)
Says [Mxy(R)| - [Mz(R)| > [R].

L oo L L|X
X< X< x|<
33 3 3 3N
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AGM Bound Entropic Vectors Gene Upper Bound Computing the Upper Bound Modular Functions

0000000

Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

o h(XY)+ h(Z) > h(XYZ)
Says [Mxy(R)| - [Mz(R)| > [R].

o h(XYZ|X) > h(XYZ|XY)

L oo L L|X
X< X< x|<
33 3 3 3N
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Information Inequalities v.s. Databases

Informally: h(XY') ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

o h(XY)+ h(Z) > h(XYZ)
Says [Mxy(R)| - [Mz(R)| > [R].

e h(XYZ|X) > h(XYZ|XY)
Max frequency(X) is > max frequency(XY).

L oo L L|X
X< X< x|<
33 3 3 3N
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Information Inequalities v.s. Databases

Informally: h(XY) ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < [R].

o h(XY)+ h(Z) > h(XYZ)
Says [Mxy(R)[ - Nz(R)[ > [R|.

o h(XYZ|X) > h(XYZ|XY)
Max frequency(X) is > max frequency(XY).

LV oo L L|X
X< X < X|<
53 3 3 3|N

o Carefull h(XZ)+ h(YZ) > h(XYZ) + h(Z),
but [Mxz(R)[ - [Myz(R)| Z [R| - Nz(R)|
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Information Inequalities v.s. Databases

Informally: h(XY) ~ log [Mxy(R)|. What do inequalities say about R?

o h(X) < h(XY) < h(XYZ)
Says [Mx(R)| < [Mxy(R)| < |RI.

o h(XY) + h(Z) > h(XYZ)
Says [Mxy(R)| - [Mz(R)| > [R].

e h(XYZ|X) > h(XYZ|XY)
Max frequency(X) is > max frequency(XY').

v oo L WX
X < X <X X<
33 3 3 3N

o Carefull h(XZ) + h(YZ) > h(XYZ) + h(Z),
but |Mxz(R)|-|Myz(R)| 2 |R| - Nz(R)|
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Discussion

@ We view entropies as a vector in ]R%_[n].

o After you do the homework: forget the formula Y p; log p;, but
remember its (simple!) consequences.

@ We use entropies to compute query upper bounds (next), and to
reason about database constraints (later).
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Generalized Query Upper Bound
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O®000000

Motivation

@ The AGM bound uses only cardinalities. Massive overapproximation,
e.g. join R(X,Y) x S(Y,2).

@ To use additional statistics (max degrees, £,-norms) we need to rely on
information inequalities.
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omputing the Upper Bound Modular Functions
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Recap: From Statistics to Upper Bound

QX,Y,Z)=R(X,Y)AS(Y,Z)AT(Z,X)

QR(D) =
XY |Z
Given an input instance D = (RP, SP, TP), al blc l/l\)QI
define the uniform distribution on the output Q(D): a| b |d|1/Q

Iog|RD| + Iog|5D| + Iog|TD|
>h(XY)+ h(YZ) + h(XZ) > 2h(XYZ)

=2log |Q(D))|

Fall 2023 19/32
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[e]e]e] Je]elele)

Expressing Statistics Using the Entropy Vector

For any probability distribution on R(X, Y), its entropy satisfies:

o [h(XY) < log|R||

e | h(Y|X) < log maxdeggr(Y|X) |

o ForpeN, p>1: | h(X) + p- h(Y|X) < log||degr(Y|X)|[5
(This is not obvious! Exercise)

This generalizes naturally to more attributes: R(X,Y,Z,...)

Dan Suciu Topics in DB Theory: Unit 5 Fall 2023 20/32
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Example of Statistics:

X
I

degr(VW|U) =(4,2,1)

0O TTT LW oL v o C
H O WN R
33333 s 3|3
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Generalized Upper Bound
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Example of Statistics:

X
I

degr(VW|U) =(4,2,1)

h(VW|U) <log maxdegp(VW|U) = log 4

H O WN R
33333 s 3|3

Ao L L L Y|
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Example of Statistics:

X
I

degr(VW|U) =(4,2,1)

h(VW|U) <log maxdegp(VW|U) = log 4

||degr(VW|U)||3 =4° + 22 +12 =21

H O WN R
33333 s 3|3

Ao L L L Y|
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©] [e]e]e]e] Jelele)

Example of Statistics:

R= degr(VW|U) =(4,2,1)
u v w
a 1 m h(VW|U) <log maxdegp(VW|U) = log 4
a 1 n
a 2 m
a 3 m
b 1 m ||degr(VW|U)||3 =4% 4+ 2% +12 =21
b 5 m
c 1 m h(U) + 2 - h(VW|U) < log ||degr(VW|U)||3 = log 21
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[e]e]e]e] Jelele)

Example of Statistics:

R= degr(VW|U) =(4,2,1)
u v w
a 1 m h(VW|U) <log maxdegp(VW|U) = log 4
a 1 n
a 2 m
a 3 m
b 1 m ||degr(VW|U)||3 =4% 4+ 2% +12 =21
b 5 m
c 1 m h(U) + 2 - h(VW|U) < log ||degr(VW|U)||3 = log 21

degr(V|U) =(3,2,1)
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Generalized Upper Bound
00000000

Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)AS(Y,Z) A T(Z,U)NA(X, Z, U) A B(X, Y, U)

Assume |R| =|S|=|T| =N, |A|=|B| = AGM(Q) = N2.
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Example: Upper Bound with Max Degrees or FDs
Q=R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: Q| < N3/2.
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Example: Upper Bound with Max Degrees or FDs

Q=R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: Q| < N3/2.

log |R| + log |S| + log | T| + log maxdeg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: 1Q| < N3/2,

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: 1Q| < N3/2,

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: 1Q| < N3/2,

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X| YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: 1Q| < N3/2,

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(YZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: 1Q| < N3/2,

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(YZU) + h(U|XZ) + h(X|YU)
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Example: Upper Bound with Max Degrees or FDs

Q =R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| =|S|=|T|=N, |A|=|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: Q| < N3/2.

log |R| + log |S| + log | T| + log max deg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(YZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(YZU) + h(U|XYZ) + h(X|YZU)

=2h(XYZU) = 210g | Q]
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Example: Upper Bound with Max Degrees or FDs

Q=R(X,Y)ANS(Y,Z)NT(Z,UNA(X,Z,U) N B(X,Y,U)

Assume |R| = |S| =|T| =N, |A| =|B| = AGM(Q) = N2.
If the FDs XZ — U and YU — X hold: Q| < N3/2.

log |R| + log |S| + log | T| + log maxdeg,(U|XZ) + log maxdegg(X|YU) >

> h(XY)+h(YZ) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(Y) + h(ZU) + h(U|XZ) + h(X|YU)
>h(XYZ) + h(YZU) + h(U|XZ) + h(X| YU)
>h(XYZ) + h(YZU) + h(U|XYZ) + h(X|YZU)

=2h(XYZU) = 210g | Q]

QI < VIRJ -S| [T] - max(deg(U]XZ)) - max(deg(X|YU))
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Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z)=R(X,Y)AS(Y,Z)AT(Z,X)
Then |Q| < (||degr(Y[X)|3 - [ldegs(Z|Y)I13 - |ldeg(X|Z)[13)">.
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Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z)=R(X,Y)AS(Y,Z)AT(Z,X)
Then |Q| < (||degr(Y[X)|3 - [ldegs(Z|Y)I13 - |ldeg(X|Z)[13)">.

Proof:

log ||degr(Y|X)[3 + log ||degs(Z| Y)|[ + log |deg r(X| Z)[5 >
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[e]e]e]e]e]e] o)

Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z)=R(X,Y)AS(Y,Z)AT(Z,X)
Then |Q| < (||degr(Y[X)|3 - [ldegs(Z|Y)I13 - |ldeg(X|Z)[13)">.

Proof:

log | |degr (Y |X)|[3 + log [|degs(Z| Y)|[3 + log [|degr(X|2)I[5 >
>h(X) + 2h(Y|X) + h(Y) + 2h(Z|Y) + h(Z) + 2h(X|2)
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[e]e]e]e]e]e] o)

Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z)=R(X,Y)AS(Y,Z)AT(Z,X)
Then |Q| < (||degr(Y[X)|3 - [ldegs(Z|Y)I13 - |ldeg(X|Z)[13)">.

Proof:

log [|degr(Y|X)||3 + log [|degs(Z| Y)|[3 + log [|deg 1 (X|Z)[[3 >
>h(X) + 2h(Y|X) + h(Y) + 2h(Z|Y) + h(Z) + 2h(X|Z)
—h(XY) + h(Y|X) + h(YZ) + h(Z|Y) + h(XZ) + h(X|Z)
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Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z) = R(X,Y)AS(Y,Z) A T(Z,X)
Then |Q| < (||degr(YIX)|13 - l|degs(Z|Y)I3 - [ldeg(X|2)|B)">.

Proof:

log ||degr (Y[ X)[3 + log [|degs(Z|Y)[3 + log [|deg 7 (X|2)|[3 >
>h(X) + 2h(Y|X) + h(Y) + 2h(Z|Y) + h(Z) + 2h(X|2)
=h(XY) + h(Y|X) + h(YZ) + h(Z|Y) + h(XZ) + h(X|Z)

>h(XY) + h(Y|XZ) + h(YZ) + h(Z|XY) + h(XZ) + h(X|YZ)
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Example: Upper Bound with £,-Norm of the Degrees

Q(X,Y,Z) = R(X,Y)AS(Y,Z) A T(Z,X)
Then |Q| < (||degr(YIX)|13 - l|degs(Z|Y)I3 - [ldeg(X|2)|B)">.

Proof:

log ||degr (Y[ X)[3 + log [|degs(Z|Y)[3 + log [|deg 7 (X|2)|[3 >
>h(X) + 2h(Y|X) + h(Y) + 2h(Z|Y) + h(Z) + 2h(X|2)
=h(XY) + h(Y|X) + h(YZ) + h(Z|Y) + h(XZ) + h(X|Z)

>h(XY) + h(Y|XZ) + h(YZ) + h(Z|XY) + h(XZ) + h(X|YZ)
=3h(XYZ) = 3log|Q|
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Discussion

@ Current systems: use cardinalities, average degrees.

@ Upper bound: uses cardinalities, max degrees, and /,-norms.

QX,Y,Z) = R(X,Y)AS(Y, 2): |Q| < ||degr(X|Y)l]2 - ||degs(Z|Y)]|2

1

1
for all p,q > 2: |Q| < |[degr(X|Y)|, - [Dom(Y)|*™» 7 - [|degs(Z|Y)llq

o Predicates (equality, range, 1ike) don't require new math, but lots of
engineering to incorporate these stats into histograms.
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Computing the Upper Bound
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| Upper Bound Computing the Upper Bound Modular Func

000000

Motivation

@ The AGM bound is defined by a linear optimization program, is
computed in PTIME, and is tight.

@ How do we compute the generalized upper bound?
Using an exponential-size linear optimization program.

o lIs it tight? Yes for practical queries, no in general.
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The Linear Program
Q(X) = A\; Rj(X;), m atoms, n variables.
Construct the following linear program:
@ There are 2" variables, denoted h(U) for every U C X.
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[e]e] le]e]e] O

The Linear Program
Q(X) = A\; Rj(X;), m atoms, n variables.
Construct the following linear program:
@ There are 2" variables, denoted h(U) for every U C X.
@ For each stats add the corresponding constraint:
h(X;) <log |Rj|
h(V|U) <log maxdeg(V|U)
h(U) + ph(V|U) < log||deg(V|U)||5
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[e]e] le]e]e]

The Linear Program
Q(X) = A; Ri(X;), m atoms, n variables.
Construct the following linear program:

@ There are 2" variables, denoted h(U) for every U C X.
@ For each stats add the corresponding constraint:
h(X;) <log |Rj|
h(V|U) <log maxdeg(V|U)
h(U) + ph(V|U) <log ||deg(V|U)||5

@ Add all Shannon inequalities as constraints:

—h(XY) — h(YZ) + h(XYZ) + h(Y) <0
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Recap: AGM Bound Computing the Upper Bound Modular Functions

[e]e] le]e]e]

The Linear Program
Q(X) = A; Ri(X;), m atoms, n variables.
Construct the following linear program:

@ There are 2" variables, denoted h(U) for every U C X.
@ For each stats add the corresponding constraint:
h(X;) <log |Rj|
h(V|U) <log maxdeg(V|U)
h(U) + ph(V|U) <log ||deg(V|U)||5

@ Add all Shannon inequalities as constraints:

—h(XY) — h(YZ) + h(XYZ) + h(Y) <0

e Maximize h(X).
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Example
R(X,Y)AS(Y,Z) A T(Z,X)

Maximize h(XYZ), where:
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Example
R(X,Y)AS(Y,Z) A T(Z,X)

Maximize h(XYZ), where:

c h(XY) < log |R|
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Example
R(X,Y)AS(Y,Z) A T(Z,X)

Maximize h(XYZ), where:

c h(XY) < log |R|
o h(YZ) < log|S|
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Example
R(X,Y)AS(Y,Z) A T(Z,X)

Maximize h(XYZ), where:

c h(XY) < log |R|
o h(YZ) < log|S]
G h(XZ) <log|T]|
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000000
Example

R(X,Y)AS(Y,Z) A T(Z,X)

Maximize h(XYZ), where:

c h(XY) < log |R|
o h(YZ) < log|S|
G h(XZ) <log|T]|

o1 —h(XY) = h(YZ)
+h(XYZ) + h(Y) <0
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Computing the Upper Bound
000000

Example
R(X,Y)AS(Y,Z)AT(Z,X)

Maximize h(XYZ), where:

¢ h(XY) <log|R|
o h(YZ) < log|S|
G h(XZ) <log|T]|

o1: —h(XY)—h(YZ)
+h(XYZ)+ h(Y) <0

o2:  —h(Y)— h(X2)
+h(XYZ) <0
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Example
R(X,Y)AS(Y,Z) A T(Z,X)

Dual:
Maximize h(XYZ), where:
¢ h(XY) <log|R|
o h(YZ) < log|S|
G h(XZ) <log|T]|

o1 —h(XY) = h(YZ)
+h(XYZ) + h(Y) <0

o2:  —h(Y)— h(X2)
+h(XYZ) <0
o18 - N S 0
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. Dual:
Primal: Maximize h(XYZ), where:
Minimize ¢ log |R|4c2 log |S|+cs log | T
where: c e h(XY) < log |R|
: <
h(XYZ): o1+o2+--->1 @ h(YZ) < log|3|

c h(XZ) <log|T]|
o1: —h(XY)—h(YZ)
+h(XYZ)+ h(Y) <0
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o8 ... <0

Dan Suciu Topics in DB Theory: Unit 5 Fall 2023 28/32



GM Bound

Example

R(X,Y)AS(Y,Z) A T(Z,X)

Primal:

ed Upper Bound Computing the Upper Bound Modular Functions

[e]e]e] le]e]

Dual:

where:

o1+o2+---
c—o1+---
C—0o1+ -
=02+

Minimize ¢ log |R|4c2 log |S|+cs log | T

>1
>0
>0
>0

Maximize h(XYZ), where:

c h(XY) < log |R|
o h(YZ) < log|S]
a h(XZ) < log|T]|
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Minimize ¢ log |R|4c2 log |S|+cs log | T

>1
>0
>0
>0

>0

)

Maximize h(XYZ), where:

¢ h(XY) <log|R|
o h(YZ) < log|S|
a h(XZ) <log|T]|

o1: —h(XY)—h(YZ)
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Example
RX,Y)ANS(Y,Z)ANT(Z,X)
. Dual:
Primal: Maximize h(XYZ), where:
Minimize ¢ log |R|4c2 log |S|+cs log | T
where: e h(XY) < log |R|
h(XYZ) o1t st ST o h(YZ) < log|S]
h(XY) o — o1 >0 c3: h(XZ) <log|T]|
h(YZ) 6 o1t >0 o1: —h(XY)—h(YZ)
h(XZ) : c—oxt+---20 +h(XYZ) 4 h(Y) <0
h(X) >0 o2:  —h(Y)— h(X2)
WY): o1 oste 50 +h(XYZ) <0
h(Z) >0
o18 - N S 0

Correctness: any feasible solution ¢y, ¢, ¢c3,01,...,01g of the primal
defines a Shannon inequality c; h(XY) + c2h(YZ) + csh(XZ) > h(XYZ).
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9 000000 00

Correctness Proof — Will Skip This Slide

Theorem

Any feasible solution ci, ¢, c3,071, . ..,018 of the primal defines a Shannon
inequality cih(XY) + coh(YZ) 4+ csh(XZ) > h(XYZ).

Proof: Multiply each inequality with its h-term and add them:
h(XYZ)(o1+ )+ h(XY)(ci —o1+---)+--- > h(XYZ)
Group by the coefficients ¢, ¢, c3,01,09, ...
ah(XY) 4+ ah(YZ) + csh(XZ) + o1(- -+ ) + -+ - > h(XYZ)
By design, the co-factor of o; is the LHS of a Shannon inequality,
e.g. o1(—h(XY) = h(YZ) + h(XYZ)+ h(Y))
Shannon inequalities —h(XY) — h(YZ) + h(XYZ) + h(Y) < 0 imply:

ah(XY) + ch(YZ) + csh(XZ) > h(XYZ)
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000000

Discussion

AGM bound:

e Primal: a frac. edge cover, upper bound |Q| < ---

@ Dual: a frac. vertex cover, worst case database instance.
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Discussion

AGM bound:

e Primal: a frac. edge cover, upper bound |Q| < ---
@ Dual: a frac. vertex cover, worst case database instance.

General bound:

@ Primal: upper bound log|Q| < c; log |R| + c» log maxdeg(Y|X) + - --

o Dual: worst-case vector h € R?"; but no database instance in general.
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[e]e]e]e]e] ]

Discussion

AGM bound:

e Primal: a frac. edge cover, upper bound |Q| < ---

@ Dual: a frac. vertex cover, worst case database instance.

General bound:
@ Primal: upper bound log|Q| < c; log |R| + c» log maxdeg(Y|X) + - --

o Dual: worst-case vector h € R?"; but no database instance in general.

@ Special case: all stats are cardinalities, then h is modular; h defines a
worst-case product database. Homework

@ Special case: all degree sequences are simple, then h is normal; h
defines a worst-case normal database [Suciu, 2023].
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Computing the Upper Bound Modular Functions

o0

Modular Functions

h € R? is called modular if h(U) + h(V) = h(UV) for all UN V = 0.

X|Y|p

1a|1/8 XY h=3

1| b|1/8

2| al1/8 /\
2| b|1/8 X h=2 h=1 Y
30a|1/8

3| b 1/8 \/
41 a|1/8 @h=0

4| b|1/8

h is modular iff it is the entropic vector of n independent random variables
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oe

Discussion

On the homework:

o If all statistics are cardinality constraints (i.e. no conditionals h(V|U))
then the dual LP has an optimal solution h that is a modular function:

» Can compute in PTIME (only n variables).

» Can construct a product worst-case instance.

@ This explains why the AGM is much simpler than the general case.

Not on the homework: if conditionals are simple: the dual has a normal
optimal solution: need EXPTIME but admits a domain-product worst case
instance (next lecture).
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@ Atserias, A., Grohe, M., and Marx, D. (2013).

Size bounds and query plans for relational joins.
SIAM J. Comput., 42(4):1737-1767

@ Suciu, D. (2023).

Applications of information inequalities to database theory problems.
In LICS, pages 1-30
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